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The Role of Matrix Mechanical Stress in Swelling Equilibrium
and Transport through Networks
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ABSTRACT: It is shown that swelling equilibrium of a network space requires that the hydrostatic pressure
inside the matrix be raised to compensate the change in solvent chemical potential induced by mixing with
the network substance. This pressure rise, over ambient, is due to an extra stress in the matrix substance
which balances it mechanically. The transport equation for flow through the matrix was expressed with the
network (matrix) force balance equation considered specifically. The role of the network substance chemical
potential gradient in the transport was elucidated. The distribution of the network substance pressure and
stress was considered for the case of one-dimensional gradients driving steady-state flow. Use was made of
specific friction coefficients to describe the transport coefficients.

A system in internal thermodynamic equilibrium is
defined by the nature of its confining walls and the force
determining potentials at which they are placed. If the
walls have isolating properties then the system is totally
out of contact with its environment. Any potential which
is applied from outside will not disturb the system. The
potentials most commonly in question are the temperature,
the mechanical stress, and the chemical potential. If the
walls are thermally insulating, any outside temperature can
prevail; if they are rigid, any outside stress may be applied;
if they are impervious, any environment of any composi-
tion and any level of chemical potential can be placed
outside. If on the contrary the system is open, i.e., if all
externally existing potentials are transmitted, equilibrium
in the system will only then occur if and when the system
potentials are uniformly the same throughout and match
the values of these potentials as they exist uniformly on
the system’s boundary. If this is not the case and the
potentials, over the system’s boundary, are not the same,
gradients will arise within the system to bridge the imposed
potentials. Along these gradients transport will then occur:
of heat (entropy), if there is a temperature gradient; of
volume, if there is a stress gradient; and of chemical
species, if there is a chemical potential gradient.

For present purposes we will assume that no tempera-
ture gradient arises and that the system is isothermal. The
condition of stability, of whether flow will or will not arise,
then depends upon the distribution of the mechanical and
chemical forces which are imposed. The question both of
mechanical and of chemical equilibrium has to be con-
sidered.

This rather obvious point may in many instances be
ignored. In mechanics one commonly deals with uniform
one-component bodies and no problem of chemical equi-
librium arises. In thermodynamics, on the other hand,
study objects often are gases or liquids and only a uniform
hydrostatic pressure can prevail. The neglect, therefore,
of chemical equilibrium in mechanics and of mechanical
equilibrium in chemical thermodynamics is often justified,
but must not be forgotten. It is fatal if it becomes a habit
and involves the uncritical extension of this practice to all
cases. In particular for systems possessing solid or sem-
isolid character, where a more complex stress pattern than
just a hydrostatic pressure can and must in general arise,
the question of mechanical equilibrium of each and every
part of the system has to be explicitly considered and
assigned equal status to the question of chemical stability.

In this paper we are concerned with one class of system
only, with gels, i.e., with fluid filled porous solid structures
where the gel substance, the porous support, is chemically
a component of the system but mechanically possesses
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solid-like properties. We wish to consider such systems
both from the point of view of their internal equilibrium
and of their use to achieve separation or filtration flow.

We will first discuss the question as it arises in mem-
brane equilibrium by establishing the connection between
the membrane and a swollen gel. We will show in par-
ticular that the membrane is an “engine” which can con-
vert chemical energy into mechanical energy and that
“osmotic pressure” should be seen as the output of such
an engine. We will then pass from equilibrium to the
steady state, from balanced potentials across the gel (the
membrane) to unbalanced ones involving the flow of one
and then two components through the gel matrix.

This will involve us in the discussion of two aspects, the
nature of the driving forces and the nature of the func-
tional resistance met in flow. In particular the role of a
gel substance, chemical potential gradient involving a
mechanical stress pattern in the gel substance, will be
considered, admittedly in the simplified situation where
the flows and gradients in the stress and other involved
potentials occur in one dimension only.

Membrane Equilibrium

The chemical potential of a species changes when it is
mixed with another species, or when its state of stress is
altered. Specifically, if species 1 is, say, a liquid and an-
other species, the solute 2, is dissolved in it, the chemical
potential of species 1 will be lowered. If an extra pressure
is applied the chemical potential will be raised. If both
are done simultaneously the two effects can be made to
cancel and the chemical potential of species 1 in the so-
lution at the higher pressure can be made to equal the
chemical potential of species 1 in a pure phase at the
reference pressure. Suitably contacted, the two phases are
in osmotic equilibrium, i.e., equilibrium with respect to
solvent.

One way to demonstrate osmotic equilibrium is to bring
the two phases together through a membrane permeable
only to species 1 (Figure 1). A semipermeable membrane
is a very clever device which has to achieve two purposes
simultaneously. It must be species selective; it must, say,
have holes just big enough so that molecules of the solvent
(species 1), but not of the solute (species 2), can cross. It
must be supportive of mechanical stresses and its me-
chanical properties must be adequate so that it can develop
forces to balance the required pressure difference. Both
properties are essential. If the holes are too big, the solute
will distribute between the two phases; if the elastic mo-
dulus and the strength of the membrane are not big
enough, the required pressure difference could not be
generated.
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Figure 1. The semipermeable membrane in thermodynamic
equilibrium. The solvent (species 1) is on both sides of the
membrane M; the solute (species 2) exists only in the left-hand
compartment. The chemical potential of the solvent, eq 20, at
equilibrium corresponds to Ap = —(kT/V}) In a,, where a is the
activity of species 1 on the left and s is the extra stress in the
membrane.

Equilibrium Swelling of Gels

The solute in Figure 1 was not specified. Let it for the
moment be a macromolecular species involving freely
coiling chains of equal size. If we now take these macro-
molecules and tie their ends together, a few at a time, we
generate a macroscopic three-dimensional network which
will still be miscible with species 1, i.e., will tend to imbibe
the solvent, when exposed to it. It will, in fact, swell to
form a gel. Swelling is not unlimited and will stop when
equilibrium with respect to solvent chemical potential has
been reached. This will occur long before the chains are
fully extended. As a result, the chains in the equilibrium
state are still capable of considerable conformational re-
arrangement and although their conformational freedom
is much reduced, as compared with the free solution, the
entropy and corresponding free energy change are finite
and can be calculated. It is then customary! to add the
free energy change due to mechanical expansion (from a
reference state) to the energy change due to network di-
lution and minimize the sum with respect to the expansion
coefficient. Since this involves only one operation, the
expulsion, or imbibition, of pure solvent, the minimization
of the free energy with respect to expansion really repre-
sents its differentiation with respect to solvent content,
i.e., to the derivation of the chemical potential of the
solvent and its equalization with the chemical potential
of the pure solvent species with which it is in contact.
Swelling equilibrium, just as osmotic equilibrium, thus
implies a balance of chemical potential of the solvent in
the gel and outside of it (Figure 2). No semipermeable
membrane is required in this case since the solute particles
are all linked together.

Does the absence of such a membrane, however, imply
also the absence of a pressure difference between the two
phases. In general, this point is not addressed, and while
the free energy of expansion of the network from its ref-
erence configuration is correctly considered to be a change
in the standard free energy of the network component, any
mechanical consequences of this are either totally ignored
or considered to be incidental. Quite the contrary is true.
A pressure rise is called for in order to balance solvent
chemical potential, just as in osmotic equilibrium, The
only difference is that in this case the tension developed
in the network, by swelling, is the device the system uses
to create the higher pressure. The pressure difference
between the two sides of the surface of a swollen gel is thus
compensated mechanically, or more correctly created, by
the tension in the network strands.
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Figure 2. Equilibrium swelling of a gel. (a) Cross-linked gel
network (species 3) in a container of pure solvent (species 1). (b)
Region A in (a) enlarged. The concentration ca(x) of gel substance
segments decreases as we go from the homogeneous interior of
the swollen gel to pure solvent outside. In parallel, the pressure
p(x) drops from its value to the reference pressure py in the pure
solvent. (c) Region B in (b) enlarged. Each network strand carries
the extra stress s(x) per unit volume. The stress s is the same
per strand on the average and is taken to be positive if it points
outwards over the surface of the lamella which the two planes
at x and x + dx define. If both the concentration and the pressure
vary we have, for mechanical force balance in the x direction:
(dp/dx) = (dec3Vas/dx).

Both positive and negative pressure differences can be
induced depending upon the outside conditions. What is
important is to realize that it is this change in pressure in
the solvent, in addition to network segment concentration
changes, which affects solvent chemical potential and that
it is the stress in the network (tension or compression)
which creates this pressure and thus maintains both me-
chanical and solvent chemical potential balance.

In going through the surface there is no abrupt change
in the pressure much as there is no abrupt change in the
network segment concentration from zero outside to its
mean value in the bulk. In fact, these two functions are
interrelated as Figure 2b shows. A gradient in network
segment concentration ¢y is accompanied by a pressure
gradient such that the pressure change compensates not
only the stress in the network per unit cross section, but
also the change in solvent activity which accompanies a
change in ¢;. Quite in general, whenever there is a gradient
of concentration of polymer segments as, say, between a
gel swollen to equilibrium and the surrounding solvent,
there is a gradient in pressure which compensates for the
gradient in the number of stress-carrying chains that cut
across an arbitrary cross section. We have the situation
of Figure 2c. Let us consider the mechanical equilibrium
of a slab of the system dx thick and of unit cross section,
For mechanical balance we have

se3Va(x) — plx) = se3Vs(x) + [(dscsVs) /dx) dx] -
px) - [(dp/dx) dx]

where p is the pressure, s is the average extra stress per
unit volume of the severed strand, c; is the concentration
of strands crossing the interface at x, and V; is the mo-
lecular volume per strand. Hence

d(sc3Vy) /dx = dp/dx (1)

so that the pressure at a point x inside a gel, where its
concentration is cs, is given by

D = Dres + J:) [d(sc3Vs) /dx] dx = pres + sc3V5 (2)

The pressure p, is the pressure at the point x = 0 assumed
to be located somewhere in the pure solvent phase.

It should be emphasized, moreover, that p is the pressure
not only in the solvent but also in the network. The stress
s represents an additional stress in the network material
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over and above the isotropic pressure. Moreover, since the
network constitutes a component of the system thermo-
dynamically the chemical potential of this species is
changed by the change in pressure p, by the change in the
stress s, and by the change in concentration c¢;. The change
in network activity a; is linked to the change in solvent
activity a; by the Gibbs—-Duhem relation.

In Figure 2c and in the discussion till now we have im-
plicitly assumed that the gradients of p, s, and ¢; are in
the x direction and are independent of ¥ and z. The in-
terface is thus plane. If, as is more generally the case, the
membrane is curved there are additional components of
the stress in the network to be averaged in the x direction
much as in the case of interfacial tension. Hence, in ad-
dition to the effect on p of network segment concentration
and stress variations in the x direction, network confor-
mational deformations, in other than the x direction, have
to be considered. In fact how much of each occurs, by how
much ¢, s, and deformation varies in the interface and in
the bulk, is determined by the overall free energy minimum
under the geometric constraints imposed on the gel by its
macroscopic shape and confinement. In this discussion
we will treat only the case of the plane interface which is
assumed to remain plane under all circumstances consid-
ered here.

Transport through Gels

If the gel network is attached to some suitable rigid
support this can be used to compensate a pressure dif-
ference which may be applied across it. Relative transport
could then occur giving rise to frictional forces. Any out
of balance force would change s and be compensated by
forces supplied by the rigid frame.

The semipermeable membrane in Figure 1 could in
practice be a swollen gel which is attached to the rigid
framework of the “osmometer”. Interface deformation and
curvature would almost certainly arise in this case, but are
neglected by assumption. Figure 3 is an “expanded”
schematic view of the membrane region of Figure 1. In
Figure 3a both sides of the membrane are in contact with
pure solvent. In Figure 3b, we have a solution of larger,
fully retained solute particles on the left-hand side, as in
Figure 1.

For equilibrium (no transport) the stresses compensate
mechanically and the chemical potential of solvent ever-
ywhere equals that of pure solvent 1 at temperature T and
pressure P, This is trivially true for the two pure solvent
phases. Inside the membrane, however, the effect of the
membrane component is to influence solvent activity a,,
but the change induced is exactly balanced by the pressure
rise Ap. Moreover, since a change in solvent activity a,
requires there to be a change in network activity a; (by
the Gibbs~Duhem relation)

cidlna; +c3dlna; =90 (3)

The network substance concentration c; is changed, giving
rise to the force sc;V; which produces the required Ap.

We now turn to the situation of Figure 3b. We again
assume equilibrium and since the right-hand face continues
to be in equilibrium with pure solvent its situation will be
the same as in Figure 3a. On the left-hand side, however,
the solvent chemical potential must be compensated under
different conditions. Due to the finite concentration of
impenetrable solute 2 the solvent activity is a,*™™ and not
1 and a pressure Ap*!® is developed to counterbalance this.
Both the stress s and the pressure p in the membrane will
thus have to be higher at its left-hand face and the con-
centration of membrane segments c5(x) too will differ from
its value on the right. It is recalled that mechanically, the
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Figure 3. Conditions inside a semipermeable membrane in
equilibrium (region M of Figure 1 enlarged). (a) Pure solvent to
either side of the membrane: Due to the finite concentration c;
inside the membrane, the activity of the membrane substance
a3 # 1 and by the Gibbs-Duhem relation e; #= 1. Hence, while
a; = 1 and (RT/V)) In a, is zero outside the membrane it is
negative inside. To achieve solvent chemical potential balance
with the outside the pressure inside the membrane has to rise
by Ap = —(kT)/V}) In a;. To build up such a pressure difference
the network will have to develop a stress s per unit volume in the
x direction within it (s is defined as positive for tension). Hence
Ap = sc3V;. The rigid support in which the membrane is placed
compensates for unbalanced stresses in all other directions. No
membrane “bulging” is assumed. (b) Pure solvent to the right
of the membrane, a solution of an impermeant species 2 on the
left: Due to the solute on the left-hand side the pressure there
has to be raised by Ap®™® to compensate for the induced soivent
activity change (RT/ V) In ¢ Ap*® = —(kT/V}) In a*. Hence
the pressure in the membrane will be higher on the left-hand than
on the right-hand side by Ap*®. Correspondingly solvent activity
inside the membrane will have to be lower on the left-hand than
on the right-hand side. This must affect network substance
activity a; and thus the network substance distribution c;. Hence
also sc;V; will be higher on the left-hand than on the right-hand
side. The light shaded region shows the changes in a, and p to
be expected when ¢; remains constant. The dark shaded additions
indicate the effect of a variation in c3.

increased pressure in the gel is compensated by an increase
in s Vsc; where both s and ¢, will change in general. Only
if the network were rigid would c; be constant and only
s would change. With compliant gels the mechanical
equation of state and the geometry of the attachment
determine how s and c; vary.

It is to be reiterated that no bulging of the gel system
is assumed to occur. In this way the lateral tensions in the
gel do not contribute, via the Laplace equation, to the
pressure difference Ap®'™,

Despite the pressure gradient across the membrane, in
Figure 3b there is no gradient of solvent chemical potential
in equilibrium and no flow. If conditions on either side
of the membrane are suddenly changed, however, this will
no longer be true and a flow of solvent will occur and
persist as long as there is a gradient in the chemical po-
tential.
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Semipermeable Membrane (Gel) in Steady-State
Flow

At constant temperature the gradient in the solvent
chemical potential depends upon p and a, and is given by

v}.l,l = VIVp + kTV ].n a (4)

where V, is the molecular volume of solvent and it is as-
sumed that the one-dimensional gradients in activity a;
and pressure p are in the direction normal to the mem-
brane surface.

We now write the equations of motion of a representa-
tive unit volume of solvent 1 and of gel network substance
3 normal to the face of the membrane?®*

X, +F;3=0 (5)
Xs+Fy =0 (6)
In equations 5 and 6
Fi3 = ~fi3(vy - vg) (M
Fy = ~falvs —v) 8

The forces Fy; and F3; are the frictional forces resulting
from the motion of the solvent 1 and the network com-
ponent 3 with velocities vy and v, respectively, relative to
the points of attachment of the gel to the rigid support.
The factors f;; are friction factors giving the force per unit
volume of component ¢ per unit relative velocity of com-
ponent i with respect to the combined motion of all of
component j.* The f;; are nonnegative quantities and
should be distinguished from the molecular friction coef-
ficients f; = Vif,.3 The V; are the molecular volumes.
The terms X; and X; are the driving forces per unit
volume of components 1 and 3, respectively, and are re-
lated to their chemical potential gradients as follows:

X, = ‘vlil/V1 )]
X5 =-Vus/ Vs (10)

In the steady state, the velocity v; of the network equals
that of the rigid frame to which it is attached. We can put

v3 =0 steady state (11)

without loss in generality. Hence for the steady state
Fi3 = ~fiaiy (12)

Fy = fa, (13)

and substituting (12) and (13) into (5) and (6), respectively
D/ Vy = Fravr = 0 (14)

(Vua/ Vs + favy = 0 (15)

Multiplying eq 14 and 15 by ¢, V; and c;V; respectively and
adding we find that, at each position x in the membrane,

e1(=V)uy = ¢, Vifigvr + c3(-Vug + caVafqrvy = 0 (16)

Since each lamellar region at x is in equilibrium, the
Gibbs-Duhem relationship

[_dp + C3V3 dS] + [Zci d/.Ll'] =0 (17)

can be applied and combining eq 1, 16, and 17 we obtain

¢1Vifis = ¢3Vafar (18)

which is a particular case of a general relationship (Onsager
principle)** which links the friction factors f; and f;;:

Vil = ¢,Vifu (19)

Even in the trivial case of transport of pure solvent

through the membrane, the need to treat the gel substance
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as a component is thus demonstrated. Since
py = po+ ViAp + kT In g (20)
and
us = pao + V3Ap — Vas + kT 1n ag (21)

where u; and ug, are standard chemical potentials at p,s
and T and s is the extra stress per unit volume of the gel
substance, we can substitute eq 18, 20, and 21 into eq 14
and 15 and immediately derive the equation of mechanical
balance in the membrane

(-Vp) — (-VcyVss) = 0 (22)

In arriving at the above result use was made of the fact
that ¢V, is the volume fraction of component i and that

ZC,’V,' =1 = 1, 2, 3 (23)

It will be noticed that the Gibbs-Duhem eq 17 includes,
as it should, the change in mechanical work (due to
changes in the intensive variables p and s) [-dp + ¢;V; ds]
per unit volume of the system as it exists in local equi-
librium between x and x + dx. Mechanical equilibrium,
however, as expressed by eq 1, tells us that this term is
zero. Hence we could conclude that ¥ ;c; dy; = 0 and that
the Onsager reciprocal relation (eq 18) has to hold. The
derivation of eq 22 goes the opposite way. Both the
Gibbs—Duhem relation and the Onsager principle are as-
sumed to apply and give the result of eq 22 as a conse-
quence of the equations of motion, eq 14 and 15.

Substituting the expression for the gradient of solvent
chemical potential, eq 4, into eq 14 gives

v1 = (1/F)(=Vp) + kT/V)(=V) lna,] (24)

Equation 24, like all the above equations, is a local equa-
tion and the gradients and the coefficients are character-
istic of the condition prevailing at that point. If eq 24 is
averaged over the membrane, J remains the same, (-Vp)
becomes (—Ap/Ax), the difference in pressure divided by
the thickness, and (-V) In a; averages to zero. Instead of
f13, however, we must write (f3), the average value of the
friction coefficient, and eq 24 then becomes Darcy’s law®

J = (K;/m)(-Ap/Ax) (25)

where J = ¢, Vv, is the flux across the membrane, Ax is
its thickness, 7; is the solvent viscosity, and K, is the
permeability. Hence,

K,/ = (c,V) /{Fis) (26)

and K, can be used to determine (f3).

The system of Figure 3b involves three components if
the rigid container walls are ignored. The way the system
is arranged, however, there are never more than two com-
ponents in any one phase and thus a simple two-compo-
nent description could be applied to the gel even in the
case of Figure 3b. '

The system becomes more complex if the solute species
2 can penetrate the gel space.

Steady-State Flow of a Solution through a Gel

We will now treat the nonequilibrium thermodynamics
of permeation of a solution through a gel in the light of
our above discussion. We shall treat a three-component
case, where the solvent 1 contains a diffusible solute species
2 which can enter the gel space but will move through it
at a velocity different to that of the solvent. This is the
simplest case which displays the features of component
separation.

The steady-state equations of motions instead of eq 5
and 6 become
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Xo+ Fyy+ Fy5=0 (28)
Xgt+ Fy +Fyp =0 (29)

where, as before,
Fij = _}?ij(vi - U]) i)] = 1) 29 3 (30)
X,‘ = _VI.Li/Vi i = 1, 2, 3 (31)

The step from eq 5 and 6 to eq 27-29 is actually further
reaching than it may seem. Let us consider eq 15 and 27,
for example. Whereas the force Fy5 in eq 5 is the total
friction F 4, experienced by a unit volume of species 1
in its movement past species 3, the force Fy3 in eq 27 is
only part of this resistance. It is in fact not generally true
that the total resistance in this case can be split additively
into the two parts Fi; and Fi; defined by eq 30. It is,
however, reasonable to expect that the approximation

Fl,total =Fp+ Fy

is an expansion of F 4y, up to the linear terms, in the
variables v, — vy and v; — v;.

Actually only two of eq 27, 28, and 29 are independent.
This can be shown by multiplying them by ¢, V}, ¢;V», and
¢35V, respectively, and adding. The sum is identically zero
when use is made of eq 17 and 19. Hence, of the three
unknown velocities vy, v, and vs, only two are independent.
In fact it is meaningless to try and solve for velocities
absolutely. Only (v; — vg) and (v, — v3), say, are of interest
and there is no loss of generality if as before we put v =
0. We thus have

vy = v = 0y = (Vg / ViA) Foy + Fag) + (—Via/ Vo) (Fr)

(32)
Vg — U3 = 0y = (=Y / ViA) (For) + (-Vay/ Vo) (Frp + {13))
33

where
A = frofas + Frgfar +rafas (34)

In terms of these fluxes and forces the entropy pro-
duction per unit volume is given by

¢ = ZciviXi = C1U1X1 + CgUng (35)

Phenomenologically, it is preferable to define and use the
volume flow?

JV = C1V1U1 + CQV2U2 (36)
the separation flow
Jp = 01V1(U2 - vy) (37

and the conjugate forces Xy and Xp. Expressions for Xy
and X}, are found by equating the coefficients of v; and
v, after substituting for X;, X,, Jy, and Jp in

d = ¢, X, + X, = JyXy + JpXp (38)
One obtains
Xy =(Yp) — [e;V1/(ciV) + coaV)](-VILy)  (39)
Xp = (-VILy) + [csVy/(e; Vi + ¢V ](-VIIg) (40)
where

(-VILy) = (cy/c;VDRT(-V) In a, (41)
(-VIIZ) = (c5/c;VYRT(-V) In a4 (42)

and where use was made of eq 17 so that®’
(kT/V)(-V) In a; = ~(-VIIy) - (-VII3) (43)

In the absence of a gradient in gel substance activity, i.e.,
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when VII; = 0, but only then, the forces Xy and Xy, reduce
to (-Vp) and (-VII,), respectively.?
We may also write

Jy = L(Xy - 0Xp) (44)
Jp = Ly(-6Xy + (¢ + n(1 - 0))Xp) (45)

where
L,= [, Vilfas + Fao + For) + coVolfig + Fio + fﬂ)]/&s)

is the hydraulic permeability coefficient,

o = c;Vilfas — Fio) /[e1 VilFas + Fra + fo) + c2Vo(fis +
fiz + f21)] (47)

is the reflection coefficient, and 7 is a nonnegative new
parameter® given by

n =, Vifis/caValfis + fra + Fo1) (48)

The parameters L, o, and 7 are the three independent
transport coefficients. Equations 46, 47, and 48 express
them in terms of three mechanistically more transparent,
nonnegative, specific friction coefficients fa3, f13, and fs.
(The coefficient f; which also appears is equal to
faicaVs/c1 V1) Note that these coefficients and these new
representations are conjugate to the forces Xy and Xp in
their expanded concept which includes the membrane
substance as a stress-bearing chemically active component.

Of interest also are the fluxes Jy; and J5 of solute 2 and
solvent 1 relative to the gel substance. We find from eq
36 and 37 by using eq 31, 44, and 45 that
Jog = CVovp = _ _ _

Ly(1-0)[Xv + nXpllcVy/(c1Vy + ¢3Vy)] (49)

and that
Jig = ¢;Viwy = L[ Xy(1 + oc;,Vy /e, Vi) = Xplo + (o +
(1 = a))caVo/ e V)llle Vi/ (e Vi + ¢3Vy)] (50)
Two special cases will now be investigated in these

terms: When ¢ = 1 the solute 2 is totally excluded from

the gel and substituting into eq 44, 45, 49, and 50 we find
JV+JD=0 J23=0 J13=Lp(Xv"XD)
c=1

(51)

i.e., vs = 0 as expected. The flux Jy = Ji3 in this case
reduces to eq 24.

When ¢ = 0 the gel network does not mechanically
distinguish between solvent 1 and solute 2, i.e., the coupling
with the network is the same. We have

f13 = f23 c=0
and find (for ¢ = 0)
Jv = LpXV
Jp = ﬂLpXD
Jo3 = Lp[XV + ﬂXD][CZVQ/(C1V1 + ¢, V)]
Jiz = L[ Xy — nlcaVa/e; V) Xplle,Vi/(e1 Vi + ¢;V))]
(52)
with
Lp = (C1V1 + CQVQ)/fZS o= O (53)
1= c1Vifas/coValfas + Fro + fa1) c=0 (54)

Forces Xy and X

As eq 39 and 40 show, the forces Xy and Xp, conjugate
to the flows Jy and Jp, respectively, reduce to the pressure
and solute concentration gradients when (-VII;) =0, i.e.,
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when the chemical potential of the gel network evidences
no gradient in its concentration dependence. The absence
of such a gradient has been assumed a priori in previous
analyses®” and the terms in (~VII;) which appear in eq 39
and 40 have thus been neglected. Altogether, the role of
the network substance chemical potential gradient in af-
fecting the transport through the matrix has not been
sufficiently emphasized. Partly, this is due to the fact that
the discussion tended to center on across membrane po-
tential differences. All the above equations are local and
both the coefficients and the forces may vary from point
to point.

If eq 21, 22, 41, and 42 are used in eq 39 and 40 it can
be shown that

XV = —[C3V3/(C1V1 + CQVZ)](—V[.L3/ Vg) (55)

Xp = [eaVa /1 Vil[(=Thg/ Vo) + (e5Vs/(c1 V1 + ¢,V3)) X
(=Vus/V3)] (56)

It thus appears that the force Xy is in fact the chemical
potential gradient induced in the gel network. Similarly
Xp depends not only on (-VII,) but more generally both
on the gradient of solute chemical potential and on the
gradient of network chemical potential. When ¢ = 0 and
the gel network is unselective the volume flow Jy and the
separation flow Jp, are proportional to Xy and Xp, re-
spectively (eq 52). This makes the link between Xy and
(V) particularly obvious. We would indeed, in such a
case, expect the network to “flow” along its gradient in a
frame of reference moving with Jy,. Substituting eq 21 and
22 into the condition (-Vu3) = 0, we find

[e1Vi/(e1 Vi + ¢uVI(=VIIy) = ¢3Vy(-Vs) = (-Vp)

(-Vug} =0 (67

Discussion

With the transport equations expressed in terms of the
nonnegative friction coefficients f;; it is much easier to
construct various cases and interpret them.®® A detailed
model is_of course still required for each particular case
and the f;; must still be expressed in terms of structural,
molecular parameters. This is also true for the mechanical
balance eq 22. This, too, has to be linked, specifically, to
gel structure and the proper boundary conditions over the
gel surface must be known and structurally allowed for.

The main purpose of the above analysis was to assign
to the immobilized component, the gel substance, its
proper role both with respect to mechanical load carrying
propensity and to participation, thermodynamically, in
controlling flow through molecularly sized matrix spaces.
There are real stresses induced in the matrix, stresses
which provide the compensation for the real hydrostatic
pressure changes in the gel. Moreover, not only the solu-
tion components, but also the gel substance, have a
chemical potential inside the gel. Normally, it does not
require compensation with outside phases and at equilib-
rium it is at a constant level. But in transport problems,
this chemical potential, too, can display a gradient and
codetermine the flow through the matrix. Even though
it is permissible to treat the fluid component in a gel as
a separate phase, its local equilibrium with the immobilized
phase must still be taken into account. Cases can be
conceived where the neglect of the gel substance can be
justified, but the arbitrary extension of such a simplified
treatment to all matrix transport problems may lead to
misconceptions and serious errors.

The idea that the gel substance may have some role to
play in all aspects where other system components con-
tribute to the potentials has arisen in many earlier dis-
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cussions.®1® The treatments have, however, at best been
partial only and much controversy has been generated
because of diverging results. The flux Jy; (eq 49) of solute
relative to the gel substance or the flux (c,Vy/c, Vi)dp (eq
45) of solute relative to solvent are seen to depend both
on the force Xy and the force Xp. Even though we may
choose to put (-¥Yp) = 0 (no outside applied pressure
gradient), the resulting expressions still depend upon
(-VII,) and (-VIIy). It is necessary to assume that (-VII,)
= ( before equations result where, as in Fick’s law, the flux
J = D(-Ve¢) of the transported species depends upon its
own concentration gradient only. Since in general it is
unlikely that (-VII;) = 0, comparison of diffusion coeffi-
cients obtained in matrices with diffusion constants in free
solution will be misleading not only because the frictional
terms in a matrix are different but also because the driving
force cannot be properly estimated. Note, however, that
when Xy = (=Vuz) = 0 the solute velocity vy = (v~ v3) =
(Fra/ 1) (~T s/ V2.

One serious misconception resulting from a lack of
proper appreciation of the gel substance as a component
concerns osmotic pressure. Whereas in reality osmotic
pressure is a property of the membrane, it is almost
universally regarded as a characteristic of the solution.
How wrong this is follows from the fact that one and the
same solution can produce very different osmotic pressures
depending upon what membrane is used and what is
placed on its other side.

A membrane, a selective porous fluid filled matrix, is an
engine. A solution can be put on one side and a solvent
phase on the other and the membrane can be made to
pump solvent. It is converting energy derived from
chemical potentials into mechanical work, very much as
a heat engine burns fuel to achieve this purpose or an
electric motor converts electricity. One can rate the
membrane both by its input characteristics, the concen-
trations of the solutions it handles, or by its output
characteristics, the level of osmotic pressure to which it
can pump the solvent out of the solution into a pure sol-
vent phase. If it is truly permselective and capable of
storing the generated pressure difference, there will be no
energy loss. If, however, solute leaks or if the induced
stress relaxes because the gel network substance is vis-
coelastic, energy will be dissipated. Not only selectivity
but the mechanical properties are essential. As a result,
the conditions inside the device, which is usually a solid-
like molecular sieve of some kind, are most interesting and
worthy of careful consideration both in equilibrium and
in the steady transport case.

For equilibrium the case of two diffusible components
(1 and 2) and one immobilized species 3, where species 1
is capable of passing through 3, whereas species 2 is in-
capable of penetration, is almost the most general.
Whatever the number of independent diffusible compo-
nents the membrane divides them into these two groups.
In the steady state transport case, however, conditions can
vary from almost total exclusion of 2 to a case where 1 and
2 move through the matrix without change in concentra-
tion. In fact, 2 could move faster through the system than
1, but in that case the roles of 1 and 2 would merely invert.

For no concentration change, we must have Jp = 0
which, see eq 45, implies

Ly=0 7L, — 0

Hence from eq 47 and 48, we must have
fi3 = fas fo > =

It is thus in principle impossible to achieve a “no
separation” case in any absolute sense. For practical
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purposes, however, we can expect that when a solute/
solvent pair have

fa > fas = his
only a minimum shift in concentration will arise.

An effectively nonseparable solute could then be
“added” to the solvent and the mixture in its fixed pro-
portion treated as the new “solvent”. Such a step is
thermodynamically permissible and meaningful.

If the mixture is even more complex, but all the solutes
obey the no separation rule, this step is still permissible
and the single “solvent” would in that case be even richer.
Note, however, that it is the matrix 3 and its interaction
with the mixture which decides whether in equilibrium or
in flow the mixture is “one component” or more.

If impermeant species are added to the “solvent” in the
phase outside the matrix, again no departure from the
simple solvent/matrix case discussed in the first part will
arise. Should, however, a solute be added which will only
partially be separated from the “solvent” in the matrix,
the three-component case discussed in the second part
above will be recovered. Here too, however, a set of com-
ponents 2 may be added which, with respect to their in-
teraction with the “solvent” and the matrix, are identical.
Such a situation is less likely to arise in practice than in
the case of a mixed “solvent”, but in principle at least the
“solute” too could be complex and so indeed can the
network, provided all its components are immobilized and
relatively uniformly distributed.

With these generalizations, but bearing these and earlier
assumptions in mind, more complex practical cases, which
arise in biology or technology, can sometimes be discussed
with success.®671!

Conclusions and Summary

We have expressed the phenomenological forces Xy and
Xp in terms of the three (not two) gradients (-Vp), (-VII,),
and (-VII3), which are important. We have shown that
(-Vp) is related to the gradient in network component
extra stress (—Vs) and that the pressure level in the net-
work, with respect to some external reference solution, with

which its surface is in equilibrium, will depend upon the
stress s and the need to balance chemical potentials. The
network component itself will have a gradient in chemical
potential (-Vus/ V3) per unit volume which can be finite
whether the network is rigid or not. (-Vug/V,) is in fact
a direct measure of Xy.

The equations derived are local equations for the gra-
dients. It is assumed that thermodynamic equilibrium
exists locally, i.e., in infinitesimally thin sections normal
to the gradient.

Fluxes other than Jy and Jp, can easily be derived from

the equations given. In particular, the flux Ji3 = ¢, Vi,
and the flux Jy3 = ¢, Vv, have been given in eq 50 and 49,
respectively. .
_ The nonnegative character of the coefficients fy, f13, and
232 helps in the analysis. This fact also establishes the
phenomenological coefficients L, and n as nonnegative.
For given gradients the sign and value of the fluxes can
thus be established.

Only the highly simplified, one-dimensional stress case
has been discussed.
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Elasticity and Stability of a Dense Gel
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ABSTRACT: An extension of the normal Gibbs formulation of statistical mechanics is applied to gels with
permenent cross-links. The formalism permits an evaluation of the free energy in the case where the gel is
dense, taking full account of excluded volume. This theory yields the changes in osmotic pressure upon
cross-linkage and allows fully for syneresis; it enables the full elasticity of the network to be calculated, including
the bulk modulus. Corrections to the simple addition of the free energy terms from network and solution
theories are obtained, and for the case of a network in equilibrium with pure solvent a particularly simple

formula is found.

I. Introduction

The study of the elasticity of gels comprises both the
problems of rubbers and those of polymer solutions.
Whereas rubbers are normally thought of as cross-linked
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a celebration dedicated to Paul Flory, both on account of scientific
inspiration and personal friendship.
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melts whose compressibility is not interesting, once the
chains are well separated by a solvent the osmotic pressure
becomes a problem of great interest. Roughly speaking
it is given by the difference of the positive solution pressure
and the negative pressure of the network, but to explore
any interactions between these two effects a joint calcu-
lation is essential. A complete stress—strain relationship
for the material is then to be derived.
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